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Abstract

Large-amplitude vibrations of circular cylindrical panels (open shells) subjected to harmonic excitation are numerically

and experimentally investigated. The Donnell nonlinear strain–displacement relationships are used to describe the

geometric nonlinearity; in-plane inertia is taken into account. Specific boundary conditions, with zero transverse

displacement at the panel edges and free or elastically restrained in-plane displacements, not previously considered, have

been introduced in order to model the experimental boundary conditions. The nonlinear equations of motion are obtained

by the Lagrange equations with multi-mode approach, and are studied by using a code based on the pseudo-arclength

continuation method. Two thin circular cylindrical panels of different dimensions and made of stainless steel have been

experimentally tested in the laboratory for several excitation amplitudes in order to characterize the nonlinearity. The

dimensions of the two panels have been chosen in order to have the fundamental mode with one and two circumferential

half-waves, respectively. Numerical results are able to reproduce the experimental results with high accuracy for both

panels. The effect of geometric imperfections on the trend of nonlinearity and on natural frequencies is shown; convergence

of the solution with the number of generalized coordinates is numerically verified.

r 2006 Elsevier Ltd. All rights reserved.
1. Introduction

Extensive literature review on the nonlinear vibration of circular cylindrical shells and panels is given by
Amabili and Paı̈doussis [1]. Reissner [2], Grigolyuk [3] and Cummings [4] were pioneers in the study of large-
amplitude vibrations of classical simply supported (in-plane free normal displacement and fixed tangential
displacement at the edges), circular cylindrical shallow-shells using the Donnell nonlinear shallow-shell theory
with a single-mode approximation. Leissa and Kadi [5] studied linear and nonlinear free vibrations of shallow
doubly curved panels, classical simply supported at the four edges. The Donnell nonlinear shallow-shell theory
was used in a slightly modified version to take into account the meridional curvature. A single mode expansion
of the transverse displacement was used and the analysis was limited to the mode with one circumferential and
one longitudinal half-wave, i.e. mode (1,1); actually results for higher modes are very scarce in the literature
even today.
ee front matter r 2006 Elsevier Ltd. All rights reserved.
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Other studies are due to Vol’mir et al. [6], Hui [7], Librescu and Chang [8], Chia [9], Fu and Chia [10], Raouf
[11], Raouf and Palazotto [12], Yamaguchi and Nagai [13], and Popov et al. [14] and are discussed in [1]. Nagai
et al. [15] extended their study on shallow shell reported in [13] to take into account a concentrated mass
placed at the center of a panel. Experimental and numerical results are reported but the study is mainly
focused on chaotic response, which is the main aim of their investigation. For this reason the trend of
nonlinearity of the panel was not experimentally investigated.

Kobayashi and Leissa [16] studied free vibrations of mode (1,1) of doubly curved thick shallow panels; they
used the nonlinear first-order shear deformation theory of shells in order to study thick shells. The rectangular
boundaries of the panel were assumed to be classical simply supported at the four edges. A single mode
expansion was used; in-plane and rotational inertia were neglected. Numerical results were obtained for
circular cylindrical, spherical and paraboloidal panels. Except for hyperbolic paraboloid shells, a softening
behaviour was found, becoming hardening for vibration amplitudes of the order of the shell thickness.
However, increasing the radius of curvature, i.e. approaching a flat plate, the behaviour changed and became
hardening. These results were proven to be accurate in the recent study of Amabili [17], where large-amplitude
forced vibrations of mode (1,1) of circular cylindrical panels with rectangular base, classical simply supported
at the four edges and subjected to radial harmonic excitation, are investigated. Two different nonlinear
strain–displacement relationships, from the Donnell and the Novozhilov shell theories, are used to calculate
the elastic strain energy. In-plane inertia and geometric imperfections are taken into account. The solution is
obtained by the Lagrangian approach. Convergence of the solution is shown and differences between the
Donnell and the Novozhilov nonlinear shell theories were fully negligible. Interaction of modes having integer
ratio among their natural frequencies, giving rise to internal resonances, is also discussed.

Free vibrations of doubly curved, laminated, clamped shallow panels, including circular cylindrical panels,
were studied by Abe et al. [18]. Both the first-order shear deformation theory and a classical shell theory
analogous to the Donnell theory were used. The results obtained by neglecting in-plane and rotary inertia are
very close to those obtained by retaining these effects. Only two modes were considered to interact in the
nonlinear analysis for higher modes, while a single mode was used for the mode with one circumferential and
one longitudinal half-wave. Results show only strong hardening type nonlinearity for mode (1,2).

In contrast with the amount of literature published on this topic, experimental results are very scarce and
those reported by Amabili [19] seem to be the most suitable to reconstruct the trend of nonlinearity. However,
the frame used in Ref. [19] to hold the panel gives boundary conditions on curved edges very difficult to be
numerically simulated because the constraint is not bilateral; in fact, axially the panel cannot elongate due to
pre-compression of the frame, but it can shrink axially at the edges.

As a consequence of this lack of experiments in the literature, a new series of experiments has been
developed by using more sophisticated instrumentation; measurement of the actual surface geometry of the
experimental panel has been carried out; based on the past experience, see [19], a new frame has been designed
in order to hold the panel. The present paper synthesizes the experimental results, the theory developed and
the numerical simulations. Specific boundary conditions, with zero transverse displacement at the panel edges
and free or elastically restrained in-plane displacements, not previously considered in the literature, have been
introduced in order to model the experimental boundary conditions. Results for this boundary condition are
compared to nonlinear results for classical simply supported edges. Two thin circular cylindrical panels of
different dimensions and made of stainless-steel have been experimentally tested in laboratory for several
excitation amplitudes in order to characterize the nonlinearity. The dimensions of the two panels has been
chosen in order to have the fundamental mode with one (1,1) and two (1,2) circumferential half-waves,
respectively. Numerical results are able to reproduce the experimental results with high accuracy for both
panels. The effect of geometric imperfections on the trend of nonlinearity and on natural frequencies is shown;
convergence of the solution with the number of generalized coordinates is numerically verified.

2. Elastic strain energy of the panel

A circular cylindrical panel with the cylindrical coordinate system (O;x,r,y), having the origin O at the
center of one end of the panel, is considered, as shown in Fig. 1. The displacements of an arbitrary point of
coordinates (x,y) on the middle surface of the panel are denoted by u, v and w, in the axial, circumferential and
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radial directions, respectively; w is taken positive outwards. Initial imperfections of the circular cylindrical
panel associated with zero initial tension are denoted by radial displacement w0, also positive outwards; only
radial initial imperfections are considered.

The Donnell strain-displacement relationships for thin shells, based on the Love’s first approximation
assumptions, are used; in fact, in Ref. [17] it has been shown that they give the same results of the much more
complex Novozhilov shell theory, saving computational time. The strain components �x, �y and gxy at an
arbitrary point of the panel are related to the middle surface strains �x;0, �y;0 and gxy;0 and to the changes in the
curvature and torsion of the middle surface kx, ky and kxy by the following three relationships

�x ¼ �x;0 þ zkx; �y ¼ �y;0 þ zky; gxy ¼ gxy;0 þ zkxy, (1)

where z is the distance of the arbitrary point of the panel from the middle surface. The middle surface
strain–displacement relationships and changes in the curvature and torsion for a circular cylindrical panel
are [17]

�x;0 ¼
qu

qx
þ

1

2

qw

qx

� �2

þ
qw

qx

qw0

qx
, (2a)

�y;0 ¼
qv

Rqy
þ

w

R
þ

1

2

qw

Rqy

� �2

þ
qw

Rqy
qw0

Rqy
, (2b)

gxy;0 ¼
qu

Rqy
þ

qv

qx
þ

qw

qx

qw

Rqy
þ

qw

qx

qw0

Rqy
þ

qw0

qx

qw

Rqy
, (2c)
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The elastic strain energy US of a circular cylindrical panel, neglecting sz as stated by Love’s first
approximation assumptions, is given by

US ¼
1
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Fig. 1. Geometry of the panel, coordinate system and symbols.
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where h is the panel thickness, R is the panel middle radius, a is the panel length, a is the angular dimension of
the panel and the stresses sx, sy and txy are related to the strains for homogeneous and isotropic material
(sz ¼ 0, case of plane stress) by

sx ¼
E

1� n2
�x þ n �yð Þ; sy ¼

E

1� n2
�y þ n �xð Þ; txy ¼

E

2 1þ nð Þ
gxy, (4)

where E is the Young’s modulus and n is the Poisson’s ratio. By using Eqs. (1)–(4), the following expression is
obtained:
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Þ, ð5Þ

where O(h4) is a higher-order term in h: the first term is the membrane (also referred to as stretching) energy
and the second one is the bending energy.
3. Boundary conditions, kinetic energy, external loads and mode expansion

The kinetic energy TS of a circular cylindrical panel, by neglecting rotary inertia, is given by

TS ¼
1

2
rSh

Z a

0

Z a

0

ð _u2 þ _v2 þ _w2Þdx Rdy, (6)

where r
S
is the mass density of the panel. In Eq. (10) the overdot denotes a time derivative.

The virtual work W done by the external forces is written as

W ¼

Z a

0

Z a

0

qxuþ qyvþ qrw
� �

dx Rdy, (7)

where qx, q
y
and qr are the distributed forces per unit area acting in axial, circumferential and radial directions,

respectively. Only a single harmonic radial force is considered; therefore qx ¼ qy ¼ 0. The external radial
distributed load qr applied to the panel, due to the radial concentrated force ~f , is given by

qr ¼
~f dðRy� R~yÞdðx� ~xÞ cosðotÞ, (8)

where o is the excitation frequency, t is the time, d is the Dirac delta function, ~f gives the radial force
amplitude positive in w direction, ~x and ~y give the axial and angular positions of the point of application of the
force, respectively. Eq. (7) can be rewritten in the following form:

W ¼ ~f cosðotÞwjx¼ ~x; y¼~y. (9)

The following boundary conditions are introduced in the present study:

Nx ¼ w ¼ w0 ¼Mx ¼ q2w0

�
qx2 ¼ 0; Nx;y ¼ �kv; at x ¼ 0; a, (10a2f)

Ny ¼ w ¼ w0 ¼My ¼ q2w0

�
q y2 ¼ 0;Nx;y ¼ �ku; at y ¼ 0; b, (11a2f)

where y ¼ Ry, b ¼ Ra, k is the distributed spring stiffness (N/m2) where springs are tangential to the panel
edges and are distributed along the four boundaries, Mx and My are the bending moments per unit length on
the edges orthogonal to x and y, respectively, Nx and Ny are the in-plane normal forces per unit length and
Nx,y is the in-plane shear force per unit length. Eqs. (10) and (11) give fully free in-plane boundary conditions
for k ¼ 0, and classical simply supported conditions in the limit case k!1; w is zero at the four panel edges
for any value of k; it can be observed that k can be a function of x and y, therefore giving non-uniform
stiffness at the panel edges.
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In order to reduce the system to finite dimensions, the middle surface displacements u, v and w are expanded
by using the following approximate functions, which satisfy identically the geometric boundary conditions
(10b, 11b):

wðx; y; tÞ ¼
XM1

m¼1

XN1

n¼1

wm;nðtÞ sin ðmpx=aÞ sinðnpy=bÞ, (12)

uðx; y; tÞ ¼
XM2

m¼1

XN2

n¼0

um;nðtÞ cosðmpx=aÞ cosðnpy=bÞ, (13)

vðx; y; tÞ ¼
XM3

m¼0

XN3

n¼1

vm;nðtÞ cosðmpx=aÞ cosðnpy=bÞ, (14)

where m and n are the numbers of half-waves in x and y directions, respectively, and t is the time; um,n(t),
vm,n(t) and wm,n(t) are the generalized coordinates that are unknown functions of t. M and N indicate the terms
necessary in the expansion of the displacements.

Only transverse (radial) initial geometric imperfections of the panel are assumed; they are associated with
zero initial stress. The imperfection w0 is expanded in the same form of w, i.e. in a double Fourier sine series
satisfying the boundary conditions ((10c,e) and (11c,e)) at the panel edges

w0ðx; yÞ ¼
X~M
m¼1

X~N
n¼1

Am;n sinðmpx=aÞ sinðnpy=bÞ, (15)

where Am;n are the modal amplitudes of imperfections; ~N and ~M are integers indicating the number of terms in
the expansion.

4. Additional terms to satisfy the boundary conditions

The geometric boundary conditions, Eqs. (10b,c,e) and (11b,c,e), are exactly satisfied by the expansions of u,
v, w and w0. On the other hand, Eqs. (10d, 11d) can be rewritten in the following form [20]

Mx ¼
Eh3

12ð1� n2Þ
kx þ nkyð Þ ¼ 0 at x ¼ 0; a, (16)

My ¼
Eh3

12ð1� n2Þ
ky þ nkxð Þ ¼ 0 at y ¼ 0; b. (17)

Eqs. (16) and (17) are identically satisfied for the expressions of kx and ky given in Eqs. (2d,e). Moreover, the
following constraints, Eqs. (10a, 11a), must be satisfied [20]:
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1� n2
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� �

¼ 0 at x ¼ 0; a, (18)

Ny ¼
Eh

1� n2
�y;0 þ n�x;0

� �
¼ 0 at y ¼ 0; b. (19)

Eqs. (18) and (19) are not identically satisfied. Eliminating zero terms at the panel edges, Eqs. (18) and (19)
can be rewritten as

qû
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ARTICLE IN PRESS
M. Amabili / Journal of Sound and Vibration 298 (2006) 43–7248
where û and v̂ are terms added to the expansion of u and v, given in Eqs. (13) and (14), in order to satisfy
exactly the boundary conditions Nx ¼ 0 and Ny ¼ 0. The term v in Eq. (20) is eliminated because it gives a
linear relationship between u and v, which is satisfied by using the minimization of energy in the process of
building the Lagrange equations of motion; in fact, this is equivalent to the Rayleigh–Ritz method and
therefore it requires to satisfy only geometrical boundary conditions. Similarly u is eliminated in Eq. (21).
Therefore û and v̂ are reduced to second-order terms in the panel displacement (assuming geometric
imperfections of the same order of wm,n); non-trivial calculations, reported in [17], give

ûðtÞ ¼ �
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m¼1
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� �
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, ð22aÞ
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. ð22bÞ

Actually, Eqs. (20) and (21) can be satisfied by energy minimization by avoiding to introduce Eqs. (22). But
the choice of the expansions of u and v become very tricky, i.e. all the terms involved in Eqs. (22) must be
inserted in the expansion as additional degrees of freedom, in order to predict the system behaviour with
accuracy. This has been verified numerically.

In the following part of the present paper, the axial displacement u will be given by uþ û, where u is given by
Eq. (13) and û by Eq. (22a); similarly for v that will be given by vþ v̂.

Finally boundary conditions (10f, 11f) must be also satisfied. They give [20]

Nx;y ¼
Eh

2ð1þ nÞ
gx;y ¼ �kv at x ¼ 0; a; (23a)

Ny;x ¼
Eh

2ð1þ nÞ
gy;x ¼ �ku at y ¼ 0; b. (23b)

Eliminating zero terms at the panel edges, Eqs. (23) can be rewritten as

Eh

2ð1þ nÞ
qu

qy
þ

qv

qx

� 	
x¼0;a

¼ �kv at x ¼ 0; a, (24a)

Eh

2ð1þ nÞ
qu

qy
þ

qv

qx

� 	
y¼0;b

¼ �ku at y ¼ 0; b. (24b)

In case of zero stiffness of the distributed springs, k ¼ 0, Eqs. (24) give a linear condition, which is satisfied
by using minimization of energy in the Lagrange equations of motion. Therefore no additional terms in the
expansion are introduced. In case of k different from zero, an additional potential energy stored by the elastic
springs at the shell edges must be added. This potential energy UK is given by

UK ¼
1

2

Z b

0

k vð Þx¼0
� �2

þ vð Þx¼a

� �2n o
d yþ

1

2

Z a

0

k uð Þy¼0

h i2
þ uð Þy¼a

h i2
 �
dx. (25)

In Eq. (25) a non-uniform stiffness k (simulating a non-uniform constraint) can be assumed. In order to
simulate classical simply supported edges, corresponding to v ¼ 0 at x ¼ 0, a, and u ¼ 0 at y ¼ 0, b a very high
value of the stiffness k must be assumed.
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5. Lagrange equations of motion

The nonconservative damping forces are assumed to be of viscous type and are taken into account by using
the Rayleigh’s dissipation function

F ¼
1

2
c

Z a

0

Z b

0

_u2 þ _v2 þ _w2
� �

dxdy, (26)

where c has a different value for each term of the mode expansion. Simple calculations give

F ¼
1

2
ðab=4Þ

XN1

n¼1

XM1

m¼1

cm;n _w
2
m;n þ

XN2

n¼1

XM2

m¼1

cm;n _u
2
m;n þ

XN3

n¼1

XM3

m¼1

cm;n _v
2
m;n

" #
. (27)

The damping coefficient cm,n is related to damping ratio, by Bm;n ¼ cm;n=ð2 mm;n om;nÞ, where om;n is the
natural circular frequency of mode (m, n) and mm,n is the modal mass of this generalized coordinate, given by
mm;n ¼ rS h ðab=4Þ.

The following notation is introduced for brevity

q ¼ um;n; vm;n;wm;n

� T
; m ¼ 1; . . .M1 or 2 or 3 and n ¼ 1; . . .N1 or 2 or 3. (28)

The generic element of the time-dependent vector q is referred to as qj, which is the generalized coordinate;
the dimension of q is dofs, which is the number of degrees of freedom used in the mode expansion.

The generalized forces Qj are obtained by differentiation of the Rayleigh’s dissipation function and of the
virtual work done by external concentrated harmonic force (in the following equation supposed to act at the
center of the panel)

Qj ¼ �
qF

q _qj

þ
qW

qqj

¼ �ðab=4Þcj _qj

þ

0 if qj ¼ um;n; vm;n; or wm;n with m or n even;

~f cosðotÞ if qj ¼ wm;n with both m and n odd:

8<
: ð29Þ

The Lagrange equations of motion are

d

dt

qTS

q _qj

 !
�

qTS

qqj

þ
qðUS þUK Þ

qqj

¼ Qj ; j ¼ 1; . . . dofs, (30)

where @ TS

.
@ qj ¼ 0. These second-order equations have very long expressions containing quadratic and

cubic nonlinear terms.
If geometric imperfections have the same order of amplitude of wm,n, û and v̂ have amplitude of order w2

m;n;
therefore their contribution to the system inertia is neglected. In this case,

d

dt

qTS

q _qj

 !
¼ rShðab=4Þ €qj , (31)

which shows that no inertial coupling among the Lagrange equations exists for the panel. In the present study
in-plane inertia is taken into account; Amabili [21] investigated the effect of in-plane inertia on large-
amplitude vibrations of a complete circular cylindrical shell, showing that in-plane inertia should be included
to have an accurate model in that case. If panels are shallow, probably the effect of in-plane inertia is less
important than for complete circular shells.

The very complicated term giving quadratic and cubic nonlinearities can be written in the form

qðUS þUK Þ

qqj

¼
Xdofs
k¼1

qkf k;j þ
Xdofs
i;k¼1

qiqkf i;k;j þ
Xdofs

i;k;l¼1

qiqkqlf i;k;l;j, (32)

where coefficients f have long expressions that include also geometric imperfections.
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The equations of motion have been obtained by using the Mathematica computer software [22] in order to
perform analytical surface integrals of trigonometric functions (e.g. integrals in Eq. (5)). The generic jth
Lagrange equation is divided by the mass of the jth generalized coordinate (associated with €qj) and then is
transformed in two first-order equations. A non-dimensionalization of variables is also performed for
computational convenience: the frequencies are divided by the natural circular frequency om;n of the mode (m,
n) investigated, and the vibration amplitudes are divided by the panel thickness h. The resulting 2� dofs
equations are studied by using (i) the software AUTO 97 [23] for continuation and bifurcation analysis of
nonlinear ordinary differential equations and (ii) direct integration of the equations of motion by using the
DIVPAG routine of the Fortran library IMSL. The software AUTO 97 allows continuation of the solution,
bifurcation analysis and branch switching by using pseudo-arclength continuation and collocation methods; in
the present study the program has been modified in order to handle more variables and it has been recompiled
for PC. In particular, the panel response under harmonic excitation has been studied by using an analysis in
two steps: (i) first the excitation frequency has been fixed far enough from resonance and the magnitude of the
excitation has been used as bifurcation parameter; the solution has been started at zero force where the
solution is the trivial undisturbed configuration of the panel and has been continued up to reach the desired
(b) 

0.3 mm 

Panel

Frame

1 mm

1 mm

Silicon 

(a) 

Fig. 2. (a) Photograph of the experimental panel B, connected to the shaker by the stinger and the load cell and (b) drawing of the panel

inserted into the V-groove in the supporting frame.
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force amplitude; (ii) when the desired amplitude of excitation has been reached, the solution has been
continued by using the excitation frequency as bifurcation parameter.

The natural frequencies are obtained eliminating all the nonlinear terms from the equations of motion; then
the equations are re-written in matrix form and the classical eigenvalue problem is solved by using
Mathematica.
6. Laboratory experiments

Tests have been conducted on two stainless steel panels, panel A and panel B, with the following dimensions
and material properties; panel A: a ¼ 0. 199m, R ¼ 2m, a ¼ 0:066 �, h ¼ 0:0003m, E ¼ 195� 109 Pa, r ¼
7800 kg=m3 and n ¼ 0:3; panel B: a ¼ 0:2m, R ¼ 2m, a ¼ 0:1 �, h ¼ 0:0003m, E ¼ 195� 109 Pa, r ¼
7800 kg=m3 and n ¼ 0:3. Therefore the two panels are almost identical, excluding the angular dimension a.
These two different values have been chosen in order to have for panel A fundamental mode (m ¼ 1, n ¼ 1),
and for panel B fundamental mode (1,2). Each panel was inserted into a heavy rectangular steel frame made of
several thick parts, see Figs. 2(a) and (b), having V-grooves designed to hold the panel and to avoid transverse
(radial) displacements at the edges; silicon was placed into the grooves to fill any gap between the panel and
the grooves. Practically all the in-plane displacements normal to the edges were allowed because the constraint
given by silicon on these displacements was very small; in-plane displacements parallel to the edges were
Fig. 3. Contour plot indicating measured geometric imperfections as deviation from the ideal panel A surface. Deviations are in

millimeters.
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Fig. 4. Experimental oscillatory displacement (first harmonic) versus excitation frequency for different excitation levels measured at the

center of the panel A; fundamental mode (1,1). K, experimental point, - -, connecting line (down), y, connecting line (up), -, direction

of movement along the line.

Fig. 5. Harmonic components of the excitation force and of the experimentally measured response of panel A; mode (1,1). K ¼ mean

value; $ ¼ first harmonic; J ¼ second harmonic; & ¼ third harmonic; n ¼ fourth harmonic. (a) Excitation force 0.15N and

(b) measured response for excitation 0.15N.
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elastically constrained by the silicon. Therefore the experimental boundary conditions are close to those given
by Eqs. (10) and (11), with k assuming a relatively small value.

The panels have been subjected to (i) burst-random excitation to identify the natural frequencies and
perform a modal analysis by measuring the panel response on a grid of points, (ii) harmonic excitation,
increasing or decreasing by very small steps the excitation frequency in the spectral neighbourhood of the
lowest natural frequencies, to characterize nonlinear responses in presence of large-amplitude vibrations (step-
sine excitation). The excitation has been provided by an electrodynamical exciter (shaker), model B&K 4810.
A piezoelectric miniature force transducer B&K 8203 of the weight of 3.2 grams, glued to the panel and
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connected to the shaker with a stinger, measured the force transmitted. The panel response has been measured
by using a very accurate laser Doppler vibrometer Polytec (sensor head OFV-505 and controller OFV-5000) in
order to have non-contact measurement without introduction of inertia. The time responses have been
Fig. 6. Experimental results for panel B; fundamental mode (1,2). (a) Experimental oscillatory displacement (first harmonic) versus

excitation frequency for two excitation levels measured at x ¼ a=2, y ¼ 3=4b. J, experimental point; - -, connecting line; -, direction of

movement along the line. (b) harmonic components of the excitation force 0.3N up; (c) harmonic components of the excitation force 0.3N

down; (d) harmonic components of the response for excitation 0.3N up; (e) harmonic components of the response for excitation 0.3N

down. $ ¼ first harmonic; J ¼ second harmonic; & ¼ third harmonic; n ¼ fourth harmonic.
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measured by using the Difa Scadas II front-end, connected to a HP c3000 workstation, and the software
CADA-X 3.5b of LMS for signal processing, data analysis, experimental modal analysis and excitation
control. The same front-end has been used to generate the excitation signal. The CADA-X closed-loop control
has been used to keep constant the value of the excitation force for any excitation frequency, during the
measurement of the nonlinear response.

Geometric imperfections of the panel A have been detected by using a 3-D laser scanning system VI-910
Minolta to measure the actual panel surface. The contour plot indicating the deviation from the ideal panel
surface is reported in Fig. 3. Geometric imperfections are always present in actual panels. Actually in the
tested panels these imperfections are associated to initial stresses, which have been minimized with accurate
positioning in the frame. These initial stresses are not measured and are not taken into account in the
modelling. No measurement of imperfection has been made on panel B.

6.1. Nonlinear results for panel A

Fig. 4 shows the measured oscillation (displacement, directly measured by using the Polytec laser Doppler
vibrometer with displacement decoder DD-200 in the OFV-5000 controller; measurement position at the
center of the panel) around the fundamental frequency, i.e. mode (1,1), versus the excitation frequency for
three different force levels: 0.01, 0.05, 0.1, 0.15 and 0.2N. The excitation point was at ~x ¼ a=4 and ~y ¼ b=3.
The level of 0.01N gives a good evaluation of the natural (linear) frequency, identified at 96.2Hz. The closed-
loop control used in the experiments keeps constant the amplitude of the harmonic excitation force, after
filtering the signal from the load cell in order to use only the harmonic component with the given excitation
frequency. The measured oscillation reported in Fig. 4 has been filtered in order to eliminate any frequency
except the excitation frequency (first harmonic of the response). Experiments have been performed increasing
and decreasing the excitation frequency (up and down); the frequency step used in this case is 0.025Hz,
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A1,1; (b) effect of A1,2; (c) effect of A1,3.
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16 periods have been measured with 128 points per period and 200 periods have been waited before data
acquisition every time that the frequency is changed. The hysteresis between the two curves (up ¼ increasing
frequency; down ¼ decreasing frequency) is clearly visible for the three larger excitation levels (0.1, 0.15 and
0.2N). Sudden increments (jumps) of the vibration amplitude are observed when increasing and decreasing the
excitation frequency; these indicate softening-type nonlinearity.

It must be observed that the force input around resonance was very distorted with respect to the imposed
pure sinusoidal excitation; this is probably the reason for not perfect superposition of part of ‘‘up’’ and
‘‘down’’ responses. Fig. 5(a) shows the harmonic components in the excitation signal for 0.15N in the
frequency range investigated. In particular, the second harmonic of the excitation signal reaches amplitudes
much larger than the first harmonic itself, which is the only one controlled. Fortunately in this case higher
order harmonics do not have a significant effect on the panel dynamics, as shown by the harmonic
components in the response signal shown in Figs. 5(b) for excitation of 0.15N ‘‘up’’ and ‘‘down’’.
6.2. Nonlinear results for panel B

The nonlinear oscillation amplitude of the panel around the fundamental mode (1, 2) at 125.3Hz is shown
in Fig. 6(a); also in this case, the measured oscillation has been filtered in order to eliminate any frequency
except the excitation frequency. The response measurement has been chosen at x ¼ a=2, y ¼ 3=4 b, where the
vibration amplitude of mode (1,2) is maximum; excitation has been fixed at ~x ¼ a=4, ~y ¼ b=4. In this case, two
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different force levels have been measured: 0.05, and 0.3N. The level of 0.05N gives a very good evaluation of
the natural (linear) frequency. For the largest excitation, 0.3N, softening-type nonlinearity is obtained with
jumps. For vibration amplitude of about 1.15 times the plate thickness, the peak of the response appears for a
frequency lower of about 5% with respect to the linear one, for the curve at 0.3N. It must be observed that the
second natural frequency of the panel is for mode (1,1) at 142.2Hz.

The harmonic components of the excitation and response at 0.3N are given in Figs. 6(b)–(e); here the mean
value has not been measured, as a consequence of ‘‘AC coupling’’ setting of the front-end during experiments.
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7. Theoretical results and comparison to experiments

7.1. Panel A, mode (1,1)

The effect of geometric imperfections A1,1, A1,2 and A1,3 on the natural frequency of mode (1,1) is shown in
Figs. 7(a)–(c), respectively, for k ¼ 0 with a 13 dofs model including the following generalized coordinates:
w1,1, u1,0, u1,2, u1,4, u3,0, u3,2, u3,4, v0,1, v2,1, v4,1, v0,3, v2,3, v4,3. It can be observed that many in-plane generalized
coordinates must be used in order to obtain good accuracy of the model; in this case, only one transverse
coordinate is used versus 12 in-plane coodinates; similar results have been found for plates and shells of
different geometry [24]. The geometric imperfection A1,1 has the same shape of the fundamental mode (1,1) in
transverse direction, but it is associated with zero in-plane imperfection. Results show that geometric
imperfections of the order of the panel thickness give a large change to the fundamental frequency. However,
these results cannot be considered accurate because the 13 dofs model is not yet at convergence for linear
results. In particular, the effect of imperfection A1,2 is very poorly evaluated. For this reason more accurate
models, with larger dofs, have been used.

The effects of geometric imperfections A1,1 and A1,3 on the natural frequency of modes (1,1) and (1,3) are
shown in Figs. 8(a) and (b), respectively; results have been obtained for k ¼ 0 with a 38 dofs model including
the following generalized coordinates: w1,1, w1,3, w3,1, w3,3, w1,5, w5,1, u1,0, u1,2, u1,4, u1,6, u1,8, u1,10, u1,12, u1,14,
u1,16, u1,18, u1,20, u3,0, u3,2, u3,4, u3,6, u3,8, v0,1, v2,1, v4,1, v6,1, v8,1, v10,1, v12,1, v14,1, v16,1, v18,1, v20,1, v0,3, v2,3, v4,3,
v6,3, v8,3. The effect of imperfection A1,2 on the natural frequencies of modes (1,1) and (1,2) is presented in
Fig. 9, obtained for k ¼ 0 with a 36 dofs model including: w1,2, w1,1, w1,3, w3,1, w3,3, w1,4, u1,1, u1,3, u1,5, u3,1,
u3,3, u3,5, u1,0, u1,2, u1,4, u3,0, u3,2, u3,4, u5,0, u5,2, u5,4, v0,2, v2,2, v4,2, v0,4, v2,4, v4,4, v0,1, v2,1, v4,1, v0,3, v2,3, v4,3, v0,5,
v2,5, v4,5. Comparing Figs. 9 and 7(b) it is clearly understood that the 13 dofs model is not suitable for
evaluating the effect of imperfection A1,2.

The effect of the stiffness k (N/m2) of distributed springs parallel to the panel edges on natural frequencies
of modes (1,1) and (1,2) is shown in Fig. 10, obtained for perfect panel with the 36 dofs model previously
described. Fig. 10 shows that k larger than 2� 109N/m2 is necessary to simulate classical simply supported
panel.
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non-dimensional excitation frequency; mode (1,1), f ¼ 0:0632, z1;1 ¼ 0:0177 and k ¼ 0. - - - -, classical simply supported panel, 9 dofs;

model developed in [17]; – - –, present model with k ¼ 2� 108 N=m2, 36 dofs; —, present model with k ¼ 0, 13 dofs.
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After this linear study, forced vibrations of large amplitude are studied by using the software AUTO 97. The
following non-dimensional modal excitation on the generalized coordinate w1,1 is introduced and its amplitude
is immediately related to the point force excitation ~f at (x ¼ ~x; y ¼ ~y)

f ¼
~f sinðp ~x=aÞ sinðp ~y=aÞ

h2rSo
2
1;1ða=2Þðb=2Þ

.
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Fig. 13. Effect of geometric imperfection A1,1 on the first-harmonic component of the non-dimensional response of panel A versus non-

dimensional excitation frequency; mode (1,1), f ¼ 0:0632, z1;1 ¼ 0:0177 and k ¼ 0. —, A1,1 ¼ 0; - -, A1,1 ¼ 0.5h; – –, A1,1 ¼ h; —,

A1,1 ¼ 1.5h; – - –, A1,1 ¼ �0.5h; – - –, A1,1 ¼ �h. (a) 13 dofs model and (b) 38 dofs model.
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Harmonic excitation of non-dimensional amplitude f ¼ 0:0632 (chosen in order to reach large-amplitude
vibrations) has been imposed in the frequency range around the resonance of the fundamental mode (1,1). The
convergence of the solution, for different numbers of generalized coordinates retained in the expansion, is
shown in Fig. 11 for perfect panel with k ¼ 0. In particular, four models are compared: 13, 24, 36 and 38 dofs;
the 24 dofs model has (the others have already been described): w1,1, w1,3, w3,1, w3,3, u1,0, u1,2, u1,4, u1,6, u1,8,
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Fig. 15. Effect of geometric imperfection A1,2 on the first-harmonic component of the non-dimensional response of panel A versus non-

dimensional excitation frequency; mode (1,1), f ¼ 0:0632, z1;1 ¼ 0:0177, k ¼ 0; 36 dofs. —, A1,3 ¼ 0; - -, A1,3 ¼ 0.5 h.
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u3,0, u3,2, u3,4, u3,6, u3,8, v0,1, v2,1, v4,1, v6,1, v8,1, v0,3, v2,3, v4,3, v6,3, v8,3. All of them give very close results showing
softening type nonlinearity, with the most accurate being the 36 and 38 dofs which give coincident curves. In
Fig. 11, only the generalized coordinate w1,1 has been plotted, which practically coincides with the panel
oscillation at the center, as it will be shown shortly in this section. Moreover, only the first harmonic of w1,1

has been plotted; super-harmonics in w1,1 are negligible, as it will be shown shortly, but a zero-frequency
component (mean value) is significant, giving rise to larger oscillation inwards than outwards, with respect to
the center of curvature of the panel.

Fig. 12 shows the effect of the boundary conditions on the nonlinear response of the perfect panel. In fact
three different boundary conditions are compared: classical simply supported (see Ref. [17] where this
boundary condition has been studied) versus the present model for k ¼ 0 and2� 108N/m2. The simply
supported panel for mode (1,1) presents a significantly enhanced softening nonlinearity with respect to the
present model with free in-plane edges (k ¼ 0), while the case for k ¼ 2� 108 N=m2 obviously lies in between.

The effect of geometric imperfection A1,1 on nonlinear response of mode (1,1) is investigated in Figs. 13
(a, b) for the 13 and 38 dofs models. According to the 13 dofs model, the response with the strongest softening
nonlinearity is obtained for A1,1 ¼ h, while for the 38 dofs model for A1,1 ¼ 0.5 h. Both models show that small
imperfection A1,1 enhances the nonlinearity, and then reduces it for amplitudes of the order of h or larger;
negative A1,1 give rise to hardening type nonlinearity. The effect of imperfection A1,3 is analysed only for the
38 dofs model in Fig. 14. Both positive and negative values reduces the nonlinearity. Finally the effect of A1,2

is investigated in Fig. 15 on the 36 dofs model; also in this case imperfections reduce the nonlinearity.
A comparison of theoretical (36 dofs model with k ¼ 3� 108 N=m2) and experimental results for excitation

~f ¼0.15N at ( ~x ¼ a=4; ~y ¼ b=3) is shown in Fig. 16 (damping z1;1 ¼ 0:012, assumed to be the same for all the
generalized coordinates). Comparison of numerical and experimental results is excellent for both the first
harmonic and the mean value. Calculations have been obtained introducing the geometric imperfection
A1,1 ¼ 0.35 h, having the form of mode (1,1), which is of the same order of magnitude of measured
imperfections of the plate surface, as reported in Fig. 3. While the first harmonic of the response is the most
significant one because it is directly excited, the mean value (constant value, at zero-frequency) of the response
indicates an asymmetric oscillation of the panel inwards and outwards. Additional harmonics of the response
are much smaller, as shown in Fig. 5(b). The assumed value of k ¼ 3� 108 N=m2 is compatible with the
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experimental boundary condition; the value of damping has been identified by using the nonlinear
experimental response.

A second comparison of theoretical and experimental results is shown in Fig. 17 for excitation ~f ¼0.2N
(damping z1;1 ¼ 0:011). This comparison is also excellent for both the 1st harmonic and the mean value. In
Figs. 16 and 17 the indication of stability of the solution is also given; however, it is the classical one of system
with softening-type nonlinearity. The value of damping has been identified by using the nonlinear
experimental response also in this case and shows a slightly increased damping with the increased excitation;
the presence of nonlinear damping, generally increasing with the amplitude of oscillation, has been previously
observed and discussed by the author on experiments on a complete circular cylindrical shell [25].

The five main generalized coordinates associated to the panel response given in Fig. 16 are reported in
Fig. 18 for completeness. In particular, the asymmetry of the response of w1,1 shows large difference between
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maximum (outwards) and minimum (inwards) oscillation, giving rise to the mean value of the response
previously shown. This behaviour is investigated with more accuracy in Fig. 19, where the time response have
been plotted for excitation frequency o ¼ 0:95o1;1, i.e. close to the peak of the response; these results have
been obtained by direct integration of the equations of motion by using the DIVPAG routine of the Fortran
library IMSL, while all the previous ones have been obtained by using AUTO 97. Fig. 19 also indicates the
phase relationship with respect to the excitation. The presence of super-harmonics and zero-frequency (mean
value) component is clarified in Fig. 20 with the frequency spectra.

7.2. Panel B, mode (1,2)

The effect of geometric imperfections A1,1, A1,2 and A1,4 on the natural frequency of modes (1,1) and (1,2) is
shown in Figs. 21(a–c), respectively, for k ¼ 0 with a 36 dofs model including the following generalized
coordinates: w1,2, w1,1, w1,3, w3,1, w3,3, w1,4, u1,1, u1,3, u1,5, u3,1, u3,3, u3,5, u1,0, u1,2, u1,4, u3,0, u3,2, u3,4, u5,0, u5,2,
u5,4, v0,2, v2,2, v4,2, v0,4, v2,4, v4,4, v0,1, v2,1, v4,1, v0,3, v2,3, v4,3, v0,5, v2,5, v4,5, i.e. the same ones used in the 36 dofs
model for panel A. Also in this case, results show that geometric imperfection of the order of the panel
thickness give a large change of the fundamental frequency. Here the natural frequencies of modes (1,1) and
(1,2) are very close for zero imperfection.

The effect of the stiffness k (N/m2) of distributed springs parallel to the panel edges on natural frequencies
of modes (1,2) and (1,1) is shown in Fig. 22(a, b), obtained for perfect panel with the 36 dofs model previously
described. Fig. 22(a) shows that k equal or larger than 0.8� 1010N/m2 is necessary to simulate classical simply
supported panel. Fig. 22(b) is a zoom of Fig. 22(a) in order to show the behaviour for small spring stiffness; it
is evident that the fundamental mode is (1,1) for k ¼ 0, but at k ¼ 0:05� 108 N=m2 the curves cross each
other, and after mode (1,2) becomes the fundamental mode of the panel.
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Fig. 20. Frequency spectrum of the response of the panel A for excitation frequency o ¼ 0.95o1,1; fundamental mode (1,1), ~f ¼ 0:15 N,

z1;1 ¼ 0:012, A1,1 ¼ 0.35h; k ¼ 2� 108 N=m2, 36 dofs. (a) Generalized coordinate w1,1; (b) generalized coordinate w1,3; (c) generalized

coordinate w3,1; (d) generalized coordinate w3,3; and (e) generalized coordinate u1,0.
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In order to study the nonlinear response, harmonic excitation has been applied to the generalized coordinate
w1,2 only (modal excitation) corresponding to a force ~f ¼0.3N at ~x ¼ a=4 and ~y ¼ b=4 (f ¼ 0:0366) in the
frequency range around resonance of the fundamental mode (1, 2). The convergence of the solution, for
different numbers of generalized coordinates retained in the expansion, is shown in Fig. 23 for perfect panel
with k ¼ 0. In particular, three models are compared: 26, 30 and 36 dofs; the 26 dofs model has: w1,2, w1,1,
w1,3, w3,1, w3,2, u1,1, u1,3, u1,5, u3,1, u3,3, u3,5, u1,0, u1,2, u1,4, u3,0, u3,2, u3,4, v0,2, v2,2, v4,2, v0,1, v2,1, v4,1, v0,3, v2,3, v4,3.
The 30 dofs model has: w1,2, w1,1, w1,3, w3,1, w3,3, u1,1, u1,3, u1,5, u3,1, u3,3, u3,5, u1,0, u1,2, u1,4, u3,0, u3,2, u3,4, u5,0,
u5,2, u5,4, v0,2, v2,2, v4,2, v0,1, v2,1, v4,1, v0,3, v2,3, v4,3, v0,5, v2,5, v4,5. Differently with respect to panel A,
where mode (1,1) was investigated, here the choice of the generalized coordinates to be inserted in the
model is much more complicated, and only the 36 dofs model is accurate. In fact, the presence of the
generalized coordinate w1,4 has been found to be fundamental to reach the required accuracy. In Fig. 23
only the generalized coordinate w1,2 has been plotted, which practically coincides with the panel
peak oscillation, which is at x ¼ a=2, y ¼ 3=4 b. Here the maximum value of w1,2 has been plotted, which is
coincident with the value of the first harmonic; super-harmonics and zero frequency component in w1,2 are
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zero, as it will be shown shortly. The computer program AUTO 97 has been used to study the nonlinear
equations of motion.

Fig. 24 shows the effect of the boundary conditions on the nonlinear response of mode (1,2) of the perfect
panel. In fact, three different boundary conditions are compared: classical simply supported (see Ref. [17])
versus the present model for k ¼ 0 and 5� 108N/m2. The simply supported panel for mode (1,2) presents a
strong hardening-type nonlinearity whereas the present model with free in-plane edges (k ¼ 0) has softening-
type nonlinearity; the case for k ¼ 5� 108 N=m2 obviously lies in between, with a very weak softening-type
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nonlinearity. This result is completely different with respect to the result found for mode (1,1) of panel A;
difference is due to the different mode studied. The simply supported model has 36 dofs: w1,2, w1,1, w1,3, w3,1,
w3,3, w1,4, u1,1, u1,2, u1,3, u1,4, u1,5, u3,1, u3,2, u3,3, u3,4, u3,5, u5,1, u5,2, u5,3, u5,4, u5,5, v1,1, v1,2, v1,3, v1,4, v1,5, v3,1, v3,2,
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v3,3, v3,4, v3,5, v5,1, v5,2, v5,3, v5,4, v5,5. It must be observed that numerical results for higher modes than (1,1) are
very scarce in the literature and indicates hardening-type nonlinearity [18]. The present results for mode (1,2)
are fundamental because they explain for the first time the role of in-plane tangential boundary conditions on
the nonlinearity of the panel.

A very interesting one-to-one internal resonance is observed for the perfect panel with k ¼ 0. In fact, the
main branch bifurcates (pitchfork bifurcation) close to the peak of the response of w1,2 and gives rise to a
second branch, which is stable, as shown in Fig. 25. This internal resonance between modes (1,2) and (1,1) is
due to the fact that o1;2 ¼ 117:2Hz and o1;1 ¼ 116:3Hz are extremely close in this case. Therefore around the
resonance of mode (1,2), which is the only one directly excited, energy is transferred to mode (1,1) as shown in
Fig. 25(b). Therefore the peak of the response of w1,2 is cut as indicated in Fig. 25(a). Other significant
generalized coordinates are shown in Figs. 25(c,d). A one-to-one resonance is always present in complete,
perfect, circular cylindrical shells [21,25], where an energy transfer from the driven mode to the companion
mode is observed. In fact, the type of one-to-one resonance obtained for a complete circular cylindrical shell is
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closely related to the present phenomenon, even if with differences due to the fact that the two interacting
modes here do not have the same shape and do not give rise to a traveling wave. A problem of one-to-one-to-
two internal resonance has been studied for spherical shallow shells by Thomas et al. [26] with results that have
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some relationship with the present ones; different phenomena of internal resonances have been studied by
Amabili for circular cylindrical panels [17] and spherical shallow shells [24].

The effect of geometric imperfection A1,1 on the nonlinear response of mode (1,2) is investigated in Figs. 26
for the 36 dofs models and k ¼ 0. Increasing the amplitude of positive imperfection, the nonlinearity (of
softening type) is increased.

A comparison of theoretical (36 dofs model with k ¼ 0:4� 108 N=m2) and experimental results for
excitation of 0.3N is shown in Fig. 27 (damping z1;1 ¼ 0:0162, assumed to be the same for all the generalized
coordinates). Comparison of numerical and experimental results is excellent, showing a softening-type
nonlinearity. Calculations have been obtained introducing the geometric imperfection A1,1 ¼ 0.7 h, having the
form of mode (1,1). With the introduced imperfection and stiffness k, mode (1,2) becomes the fundamental
mode, as in the experiments, with natural frequency o1;2 ¼ 129:8Hz (o1;2 ¼ 125:3Hz in experiments) and
o1;1 ¼ 133:5Hz. In Fig. 27 stability indication is given; only the 1st harmonic of the response is reported
because no mean value measurement was effected in this case during experiments.
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The other three main generalized coordinates (w1,2 has been already plotted in Fig. 26) associated to the
panel response are reported in Fig. 18 for k ¼ 0 and A1;1 ¼ 0:7 h. In particular, the asymmetry of the response
of w1,1 is reported and shows an always negative (inward) displacement oscillating between a maximum and a
minimum plotted in Fig. 28(a). This behaviour is investigated with more accuracy in Fig. 29, where the time
response have been plotted for excitation frequency o ¼ 0:97o1;2, i.e. close to the peak of the response; these
results have been obtained by direct integration of the equations of motion by using the DIVPAG routine of
the Fortran library IMSL, while all the previous ones have been obtained by using AUTO 97. Fig. 29 also
indicates the phase relationship with respect to the excitation. The presence of super-harmonics and mean
value (zero-frequency) component is clarified in Fig. 30 with the frequency spectra. While w1,2 presents only
first harmonic component, w1,1 presents a very large zero-frequency component and second harmonic, due to
quadratic nonlinearity in the equations of motion.
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8. Conclusions

In the present study, for the first time, numerical and experimental results are compared for large-amplitude
vibrations of circular cylindrical panels in the frequency range around the fundamental resonance.
Comparison is very satisfactorily for both modes (1,1), fundamental mode of panel A, and (1,2), fundamental
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mode of panel B. It must be observed that numerical results for higher modes than (1,1) are very scarce in the
literature and indicates hardening-type nonlinearity. The present results for mode (1,2) are of extreme interest
because (i) they explain for the first time the role of tangential boundary conditions on the nonlinearity of the
panel, and (ii) show softening-type nonlinearity for both the numerical model and the laboratory experiments.

The role of geometric imperfections on natural frequencies and nonlinear response is investigated, as well as
the role of elastic tangential boundary conditions. Convergence of the solution with the number of generalized
coordinates included in the model is discussed. Moreover, the nonlinear phenomenon of one-to-one internal
resonance has been detected and investigated numerically for panel B, giving rise to a second branch in the
panel response and energy transfer from the mode directly excited to another one.
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